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Abstract 

We derive the isoperimetric profile of Gaussian type for an absolutely continu- 
ous probability measure on Euclidean spaces with respect to the Lebesgue measure, 
whose density is a radial function. The key is a generalization of the Poincare 
limit which asserts that the n-dimensional Gaussian measure is approximated by 
the projections of the uniform probability measure on the Euclidean sphere of ap- 
propriate radius to the first n-coordinates as the dimension diverges to infinity. The 
generalization is done by replacing the projections with certain maps. Q Q 

1 Introduction 

The isoperimetric profile of a Borel probability measure /i on M n describes a relation 
between the volume [i[A] and the boundary measure fi + [A] := lim s ^ ((i[A £ ] — [i[A])/e of 
A C M n , where A £ := {x G M n | inf agj 4 \x — a\ < e} denotes the ^-neighborhood of A with 
respect to the standard Euclidean norm | • |. Throughout this note, any subset of M™ is 
assumed to be Borel. Precisely, the isoperimetric profile I[fi] of /i is a function on [0, 1] 
defined by 

I[fi](a) := inf {fi + [A] | A C W 1 with p[A] = a} . 

Let A n denote the boundary measure of the unit ball in MJ 1 with respect to the Lebesgue 
measure. For a measurable, nonnegative function / on (0, oo) satisfying 



1 f°° 

Ml := — / f(r)r n - l dr < oo, 
A n Jo 



the n-dimensional radial probability measure with density f is the absolutely continuous 
probability measure on M. n with density 

with respect to the n-dimensional Lebesgue measure. For example, the n-dimensional 
Gaussian measure 7„ is the radial probability measure with density g(r) := exp(— r 2 /2), 
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and its isoperimetric profile was provided by Borell [TJ and Sudakov-Tsirel'son [5] inde- 
pendently of the form 

I[ ln ](a) = J[ 7l ](a) = G' (G-\a)) , G{r) := f (2n)-^ 2 g(s)ds = 7 i[(-oo,r]]. 

J — oo 

The proof relies on the approximation procedure, so-called Poincare limit: let Sn be the 
(N — l)-dimensional Euclidean sphere of radius N 1 ^ 2 and vn be the uniform probability 
measure on Sjy. We consider the orthogonal projection from W N to the first n-coordinates, 
and denote by P Ut N the restriction of it on Sn- Then 7n is obtained as the limit of 
(Pn,N)$VN as N — > oo, where {P n ,N)^N denotes the push-forward measure of vn by P n ,N, 
namely (P n ,jv)|j^jv [A] = ^[P-^(A)] for any A C M n . 

The aim of this note is to derive the isoperimetric profile of Gaussian type for p^, 
that is, estimate I[p^\ below by /[ 7 i]. To do this, let us generalize the Poincare limit by 
replacing P nt N with P£ N '■= s£ o P n< N, where s p n is the map on W 1 defined as 



si(x) 



p{\x\)x if x 7^ 0, 
if x = 



for a function p on (0, oo) satisfying the following condition. 
(C) p is a C 1 , positive function on (0, oo) and is strictly increasing. 

Theorem 1.1 For a function p satisfying (C), /et cr 6e i/ie inverse function of s£. For 
any x G IR n \ {0} ; {f£ jN (x) : = d(P^ N $v N )(x) / dx} NeN converges to 



(2vrr/ 2 exp(-^M^){^M} n i/x6<(r\{0}) 
otherwise 



as N oo. TTie function ffi has unit mass on W 1 with respect to the Lebesgue measure 
and hence {P£ n $ v n}n£~n converges weakly to the absolutely continuous probability measure 
on W n such that dv^jdx — f£ as N — > oo. 

Theorem 11.11 for the case of p = 1 recovers the original Poincare limit. A radial prob- 
ability measure pJ n is said to be a generalized Poincare limit if there exists a function p 
satisfying (C) such that \J n = v^. To estimate the isoperimetric profile of pJ n = v£, we 
impose an additional condition on p. 

(C n ) The map s? is Lipschitz continuous. 

Theorem 1.2 Form = 1 and n, let p^ be the generalized Poincare limit with p m satis- 
fying (C m ). Then it holds for any a G [0, 1] with a ^ 1/2 that 

where L n is the smallest Lipschitz constant of s£ n . Moreover, if\im r yof(r) G (0,oo), then 
the above inequality also holds true for a = 1/2. 
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Theorem 11.21 for the case of /(r) = exp(— r 2 /2) with p m = 1 corresponds to the result of 
the Gaussian measure. 

This note is organized as follows. Section 2 concerns Theorem 11.11 which is a gener- 
alization of the Poincare limit. In Section 3, we prove Theorem ll.2[ namely derive the 
isoperimetric profile of Gaussian type for a radial probability measure. Section 4 provides 
criteria and examples of ^ n which is applicable to Theorems ll.l[ 11.21 
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2 Generalized Poincare limit 

In this section, we always assume that p satisfies (C) and a is the inverse function of s^. 
We moreover define the map £ on R n by 

otherwise. 

We then have £ o s^(x) = x for any x G M n and 

<(R" \ {0}) = \ {0} = {x e R» | \x\ e *J((0, oo))}. 

Let V n denote the volume of the unit ball in M. n with respect to the Lebesgue measure. 
For any x G P£ n (Sn) \ {0}, the Lebesgue differentiation theorem yields 

eio e n V n J Be{x) eiO e n V n 

where B £ (x) is the open ball in M n with center x and radius e. We compute the right-hand 
side in fETT]) . 

Lemma 2.1 For any x G Pn^iS^) \ {0}, we have 

Proof. We prove only the case of n > 2, however a similar argument works for the case 
of n = 1. By symmetry, we may assume that x lies in the positive first coordinate axis. 

Let us consider the orthogonal projection p m from W 71 to the last (m — 1) coordinates. 
We define the functions r+ and r~ on p n (Ju(B £ (x))) by 

r t(v) := sup{|x'| | x' G B v £ (x)}, r~(y) := inf{|x'| | x G B'^(x)}, 
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where B^(x) := (p n o £) l {y) fl B e {x). Since p^r is a chart on a set containing 

(P^)- 1 ^)) = {(£(*'),£) £»"x R"- | |e| 2 = N-a(\x'\) 2 ,x' £ B £ (x)} C 5 
for e > small enough, we directly compute 

M^r 1 ^))] 

/ N \^ 2 

du 



N 



m^A N j PK{lP!Lit) - HB , m \N-h 



1 r r ( n \ 1/2 

" 1 )/ 2 A A r J Pn (p(B e (x))) J{tm N - n | \Z\ 2 =N-a{\x>\) 2 , x'€B*(x)} \N - \y\ 2 - |£| 2 / 



^iV-n / / i i iV-n-1 



4 r / TV \ 1/2 

■ v -" II I ^-»-l dydgl 



,-2 



s"- n -"dsdy 



s 2 



Nl»-WA N J Ue(x) \N-\y\*- 
where we set 

t4(z) := {(a(SM),^R^x1>o I s 2 = iV- ( T(|a; , |) 2 , a;' £ B £ (x) } . 

According to the assumption that a; lies in the first axis, U £ (x) converges to the point 
(0, {iV - o"(|a;|) 2 } 1/2 ) as e \ 0. If the volume |C/ £ (x)|„ of U e (x) with respect to the 
n-dimensional Lebesgue measure satisfies 



40 £™K {iV-adxl) 2 } 1 ^ [ | x 

then we find that 

^V-n 1 / / N \ / v-,,-l 



A N-n a(\x\)a'{\x\) l aj^ Y 1 ' 1 { N l^/yy .T(\r\) 2 ) {N ~ n ~ 1)/2 

- N (N-1)/2 An ■ { N _ a (| x |)2}l/2 \ | x | j " \ ^(|x|) 2 J 1 U l; ' 



A 



N- 



n2 ^ {N-n-2)/2 ( n |^ n-1 

a'(\x\) 



n ( 1 ^(N) 2 ] ( ^- 2)/2 (^(k|) 



N n / 2 A N i J [ 

as desired. To prove f)2.2p . we need several claims. 
Claim 2.2 The functions rf(y) depend only on \y\ not on y itself. 
Proof. For any y £ p n (S(i? e (x))) \ {0}, it turns out that 



B^(x) = ( x(a, b) := I \x\ + a, — y 



\y\ 

D e := {(a, 6) £ R 2 | a 2 + 6 2 < e 2 , b > 0}. 



7 \ „ , a(\x(a,b)\) b 

a.J )e D I , J = P „(E( lM )) = Ti - rfi!( 



This means that r£(y) (resp. r £ (y)) is equal to the supremum (resp. infimum) of 

|x(a,6)| = {(|x| + a) 2 + 6 2 } V2 



on D £ subject to 



\y\ = Y(a,b) := a ^ a ^ b = \ Pn (E(x(a,b)))\, 



\x(a,b)\ 

which concludes the proof of the claim. (} 
We sometimes denote rf{y) by rf{\y\) as functions on [0,^ £ ), where r\ £ = T] E (x) given by 

rj £ := sup{|y| | y E p n (E(B £ (x)))} = sup {Y(a, b) | (a, b) E D £ } . 



Note that lim^o^e = 0. It follows from Claim I2T21 that 



lim 



lim 



elO E n V n elO E n V n J Pn (x(B e (x))) J{s>0 I N-a(r+(y)) 2 <s 2 <N-a(re(y)) 2 } 



dsdy 



lim 

elO E n V n J Pn {T,{B e {x))) 



A 



n-l 



lim 

eio e n V r 



n JO 



{N - a{r-{\y\)f} 112 - {N - a(r+(M)) 2 } 1/2 ] dy 
{N - a(r-( V )f} 112 -{N- ^ (r + (77) ) 2 } 1/2 ] rf^ 



lim 



u e (t)dt, 







e4-o V n V e 

where, in the last equality, we substitute 77 = tr\ £ and set 

f n-2 



(2.3) 



u e (t) :-- 



{N - a(r;(tn £ )) 2 } 1/2 -{N- a(rt(t Ve )f} 



21 1/2 



We will investigate the limits of rj £ /e and u £ (t) as e \ 0. 

It is easy to check that \x(a, b)\ does not have extrema on D £ by using Lagrange 
multipliers, and y 7^ leads to b 7^ 0. In other words, for any 77 E (0,r] £ ), there exist 
afijj) E I £ := [—£,£] such that 



r?(v) = \x (af(v), {£ 2 ~ a^) 2 } 1 ' 2 ) | , r) — Y (af( V ), {s 2 - af( V ) 2 } 1/2 ) 

The monotonicity of \x(a, (e 2 — a 2 ) l / 2 )\ in a and the definition of rf imply 

a+{rj) = max {a E I £ \ 77 = Y (a, (e 2 - a 2 ) 1/2 ) } , 
a £ (n) = min {a E I £ \ rj = Y (a, (e 2 - a 2 ) 1/2 )} . 



(2.4) 



(2.5) 
(2.6) 



Due to the fact rf(0) = \x\ ±e, (77) are extended to [0, rj e ) by putting a*(0) = ±e. 
Claim 2.3 T7ie functions af(rj) are monotone and \af (r))\ < e on rj E (0,r) E ). 
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Proof. From the monotonicity 



9 Y{a, b) = + + a) 2 > 0, 



db 



\x(a, b)\* 



\x(a, 6)| ; 



where we use the nonnegativity of a', we deduce 

7] £ = sup {Y(a, b) | (a, 6) G -D £ } = max jV ^a, (e 2 — a 2 )^ 2 j 



a <E L 



(2.7) 



Since the function K(a, (e 2 — a 2 ) 1//2 ) is continuous on a £ I £ and takes the value at the 
boundary, the intermediate value theorem yields that, for any 771, 772 G (0, rfe) with 771 < 772, 
there exist a ± (?7j) G J e for i = 1, 2 such that 



• ± («) 2 }" 2 



a (771) < a (772) < a + (r7 2 ) < a + (r7i). 



Vi = Y (a^iVi), {z 2 ~ a ^ 
This with (1231) . (123j) leads to 

-e = 07 (0) < 07(771) < 07(772) < o+(t7 2 ) < a+(r/i) < a+(0) = e. 







Since Claim 1231 implies 

rf(v)= x (af(ri),{e 2 - af(rj) 2 } 



21 1/2 



{N 2 + e 2 + 2a±(77)N} 



1/2 



G f x — e, \x\ + e] 



for any 77 G (0,77 e ), the mean value theorem yields 



< u e {t) < 



n-2 



< i 



e 

n-2 



—a'(r)a(r) 



max 



r€[\x\-e,\x\+e] {N - (T^) 2 } 1 / 2 

2a'(r)a(r) 



{r £ (tq e ) -r+(tr] £ )} 



re[\x\^e,\x\+s] {N - (j(r) 2 } 1 /2 



which ensures that u £ (t) is dominated by an integrable function on t G (0, 1). 
Claim 2.4 For any t G (0, 1), the limits 



linA ai(t):=lim^M 

eiO e " ej.0 e 



Va = r)<r[X) 

exist and satisfy rj a = a(\x\)/\x\, a^(t) = ±(1 — t 2 ) 1 / 2 



Proof. Claim 1231 leads to af(t) := ]im £ ^ (af (tr] £ )/e) 2 G [0,1] and combining (12. 4p with 
the fact \x(a, (e 2 — a 2 ) 1 / 2 )] — > \x\ for any a G J £ as e \ yields 



lim ^ = lim iy {e 2 - af(t VE ) 2 } 



21 1/2 



a(W) {l-af(t)} 1/2 <^ 



,r 



for any t G (0, 1). Letting £ /* 1, we have lim^o^e/^ < ^(kD/kl- On the other hand, it 
holds by §TB) that 

<r(\x(0,e)\)e a(\x\) 



lim — > lim — — — - 



lim 

do \x(0,e)\ £ 



X 



meaning r} a = a(\x\)/\x\ and hence a^(t) 2 = af (t) = 1 — t 2 . If there exists t G (0, 1) such 
that a* (to) = a~(t ), then Claim 1231 with the squeeze lemma implies a^(t) = a^(to) f° r 
any t G (to, 1), which contradicts a^(i) 2 = 1 - t 2 . We thus have a±(t) = ±(1 - 1 2 ) 1/2 . 
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Since u £ (t) is dominated by an integrable function on t G (0, 1) and Claim I2~4l implies 



n-2 



lim u e (t) — lim 

e+Q £4,0 £ 



{N - a(r-(trj £ )) 2 } 1/2 - {N - a(t £ + (^ £ )) 2 } 

f n-2 



21 1/2 



lim 



n-2 



{AT - adxl) 2 } 1 / 2 Tyo e 
2a'(\x\)a(\x\) ^-2^ _ ^1/2 



{|x| 2 + e 2 + 2a+(tr7 e )|x|} 1/2 - {|x| 2 + e 2 + 2oj(^ e )|x|} 



1/2' 



{iV-aQxl) 2 } 1 ^' 

for any £ G (0, 1), Lebesgue's dominated convergence theorem yields 



lim / u e (t)dt 



1 MMMM) -n-2/-, _, 2x1/2 

{N-a(N)^* u ij 



{iv-adxi) 2 } 1 /: 



-B 



3 n - 1 
2' 2 



where B(-, •) is the beta function. According to the relation V n / ' A n _i = B(3/2, (n — l)/2) 
and (12 .3p . we compute 



\U e (x)\ n 4-1 ,. 



lim 

eiO e n V n 



lim — 



n-l 



r . , . u £ (t)dt = 

V n eiO \ £ J Jq 

a(\x\)a'(\x\) (aCx\y 



A 



n—1 n — \ 



{n - a{\x\yyi 2 A. 



n-l 



{N - o-{\x\ 2 )} 1 / 2 [ |x| 
which is (12 .2p . This completes the proof of the lemma. 
Let us now generalize the Poincare limit. 



□ 



Proof. (Theorem II. ip Given any x ^ s^(M n ), we find that x ^ P£ n {Sn) for any N e N 
hence f^ N (x) = = ffi(x). For any x G s n (IR n ) \ {0}, Lemma I2TT1 with the relation 
liniAr^oo A N _ n N n/2 /A N = (2ix)- n l 2 yields f^ N {x) ff&x) as N -> 00. We thus have the 
pointwise convergence of f£ N to on W 1 \ {0} as A" — > 00. 

It is easy to check that has unit mass on R n with respect to the Lebesgue measure, 
additionally, for any EeR satisfying c(R) 2 = 2{n + 2) and any A^ > 2(n + 2), we find 



1 - 



a{\x\l 
N 



(N-n-2)/2 



< 1b r (o){x) +exp 



a(\x\f 



where [t} + := max{£, 0} for £ G R and 1b b (o) is t ne characteristic function on Br(0). This 
ensures that f£ N is dominated by an integrable function and hence Lebesgue's dominated 
convergence theorem yields the weak convergence of PnN$ v N to as A" — > 00. □ 

We give a necessary and sufficient condition for \J n to be a generalized Poincare limit in 
terms of /. In what follows, we denote by supp(/) the support of / and set 



Tf : = inf{r | r G supp(/)}, Rj := sup{r | r G supp(/)}. 
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Proposition 2.5 A radial probability measure \J n is a generalized Poincare limit if and 
only if supp(/) is connected, on the interior of which f is continuous. In the case of 
/i{ = v?, supp(/) coincides with the closure of s^((0, oo)). 

Proof. The "only if part and the claim on the support follow immediately from Theo- 
rem [LTJ To prove the "if part, let a be the function on (r/, i?/) solving the equation 

ra(r) / 2 \ i rr 

/ (27r)-"/ 2 exp -— )s n - 1 ds = / f(s)s n - 1 ds. (2.8) 
Jo \ 2 J Ml Jr f 

Then a is C 1 , strictly increasing and cr((r/, -R/)) = (0,oo), which ensures the existence 
of the function p satisfying (C) such that s± o a(r) = r holds for any r G (77, For 
= du^/dx, Theorem 11.11 and differentiating (12.81) yield that 

/, ;W H 2 ,)--exp(-«{4ai}"- 1 ff - (WH /iN) 



2 / I M J Mi 
for almost every x G supp(/i{) = supp(z/£), that is, /z{ = v?. □ 



3 Isoperimetric profile of Gaussian type 

We derive the isoperimetric profile of Gaussian type for the generalized Poincare limit 
with p satisfying (C n ) by using Levy's isoperimetric inequality for Euclidean spheres. In 
analogy with ~R n , we denote by X s the e-neighborhood of X C Sn with respect to the 
spherical distance function d$ N . 

Proposition 3.1 (Levy's isoperimetric inequality |3J) For any X C Sn, take a closed 
metric ball B C Sn with vn[B] = vn[X}. Then we have vn[X £ ] > vn[B £ ] for any e > 0. 

Proof. (Theorem II. 2p Let a be the inverse function of s^ 1 and F(r) := //{[(— oo,r]] be 
the cumulative distribution function of //{, which is different iable on (rj,Rf). Since p\ 
satisfies (Ci), we find 77 = and mi r€ ( QRf ) cr'(r) > (see Lemma I4~T1 below) . Moreover, 
by (J2IBD, it holds for any r G (0, ify) that G((r(r)) = F(r) and 

G'(a(r)) = ^rfV). (3.1) 

The claim is trivial for the case of a = and 1 since the right-hand side is equal to 0. 
We first consider the case of a G (1/2, 1). For any A C lR n with ^ n \A] G (1/2, 1), there 
exists a unique a G (0, Rf) such that p! n [A} = oo, a]] = F(a). Fix /3 G (0,a). 

Claim 3.2 For any t G (0, (Rf — a)/2), there exists N G N, independent of (3, such that 
((^)" 1 ((-~,)9])) W) I>(i^)- 1 ((-oo l )8 + t]) l LC8,t):= sup a'(r)t + t 2 

r-£[/3,/3+i] 

froMs /or any N > N . 
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Proof. We first remark that L(j3,t) is positive finite by [(3,(3 + t] C (0,Rf). Without 
loss of generality, we may assume that N G N satisfies a + t < ^(iV 1 / 2 ), which ensures 
the unique existence of x G (0,A^ 1//2 ) such that s^ 1 (x ) = (3. Moreover, for any point 
G (P 1 pl iV )- 1 ((-oo,/3 + t]) with P^ = sf (x) G 08,0 + t], we find £ ^ 0. This implies 

that, for £ := (N - xlf' 2 it holds that (zo,£o) G (P 1 pl iV )- 1 ((-oo, /?]) and 

l(x,0-(^o,eo)| 2 = 2iV |l - cos ( ^ (( ^ 2 (X °' g0)) )} = (ar ,&)) 2 +O(JV^ 1 ). 
Since the direct computation provides 

- fc, l{b )|> = 2iV {l - 55! - (l - ff' (l - ft)" 2 } = ^ + 0(AT>) 

for any t > 0, there exists iVo G N such that if N > Nq, then we have 
ds N {(x,£), (x ,fo)) <\x- x \ + t 2 = |cr(s p (x)) - o-(X(xo))| + t 2 

< ( sup a'(r)) Is^x) - s^xo)] +t 2 <L(f3,t), 

\re[8f(*o),«f(*)] / 

which concludes the proof of the claim. (} 
For iVeN large enough, we deduce from Theorem 11.11 that 

= iP&)MA] > {^)M(-™>P]] = M{^r\(-°°,0\)\- 

The Lipschitz continuity of P£ n N with Lipschitz constant L n deduced from (G n ) provides 

v N m: N y l {a l ^)] > VN [((p^r'iA))^] > Vl [(j^r x ((-oo, /?+*])] , 

where the last inequality follows from the fact that (P 1 p ^ v ) _1 ((— oo, /?]) is a closed metric 
ball with Proposition 13 . 1 1 and Claim I3T21 Letting N — > oo in the above inequality together 
with Theorem O implies [A LnL ^^] > z/f[(-oo, + t]) for any t G (0, (P/ - a)/2). 
Since /3 < a is arbitrary and L(j3,t) is continuous in /3, this also holds for a, namely 

fi f n [A L " L{a > l) ] = v p n n [A L - L ^ l) ] > z/f [(-oo, a + t]] = F(a + t). (3.2) 



Claim 3.3 ^[A] > J[ 7l ](^[A])/L n . 

Proof. For e > small enough, the continuity and monotonicity of L(a, t) in t > 
guarantees the existence of t(e) > such that L n L(a,t(e)) = e and 

lim — = lim 



e4.o e 40 L n L(a,t) a'(a)L n 
We then have 

f+[A <\ lim /^ £ ] - t4M > lim + *(g)) - g(gO _ *» _/NM4) 



e4.o fc e4.o 



a'(a)L n L n 



where the last equality follows from G(a(a)) = F(a) = ^[A], that is, a(a) = G 1 (fi{ l [A}) 
and (JO- 
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The arbitrary choice of A C R n with /i£L4] G (1/2, 1) implies I[/i£](a) > I[7i](a)/L n for 
a G (1/2, 1). Since the similar argument works for the case of a G (0, 1/2) and moreover 
a = 1/2 which is equivalent to a = if lim r ^ <r / (r)/(27r) 1 / 2 = lim r ^ f(r)/M( G (0,oo), 
we have the desired result. □ 

Remark 3.4 In the case of f(r) = exp(— r 2 /2), Theorem 11.21 corresponds to the case of 
finite dimensional Gaussian measures in [U [5] , where the case of an infinite dimensional 
Gaussian measure was also proved. However we may not expect to extend Theorem II .21 
for infinite dimensional cases since I[joo] is obtained through the fact that {7„}„ e N is a 
cylinder set measure but {/i{} n eN is generally not a cylinder set measure. 



4 Condition and Example 

In order to provide criteria for /i{ = such that p satisfies (C n ) in terms of /, we first 
prepare the following lemma. 

Lemma 4.1 For a function p satisfying (C) and L > 0, the following fli]), and ( Imj) 

are equivalent to each other. 

(i) p satisfies (Ci) and the smallest Lipschitz constant of s^ is L. 

(ii) p satisfies (C n ) and the smallest Lipschitz constant of s p n is L for any n£N. 

(iii) lirn r4 .o s?(r) = s{(0) = and sup r>Q (s?)'(r) = L. 

Proof. Since flU]^® is trivial, we show ©^(IiiiJ^tJiiJ). Note that, for any r G R \ {0}, 

(sf) / W = ^(H)H + p(H) = (*i) / (H) holds - 

If (jl]), then we have lim r ^ s^r) = s{{fS) = by continuity of and sup r>0 (S] ) ) / (r) = L 
by the differentiability with the Lipschitz continuity of s^. We thus find (ll|)=^f lm]) . 

Assume (!m|) . Since the mean value theorem yields s{(r) — s{(e) < L(r — e) for any 
r > e > 0, letting e \ and dividing by r provide sup r>0 p(r) < L. Let {A^}^ =1 be 
the eigenvalues of the Jacobi matrix {Jij)i<i,j< n of s£ at x. By the differentiability of 
s£, ([n]) is equivalent to maxi< m <n, sup^^N r i |A^J = L. Fix x = (x*)™ =1 G R" \ {0} and 
let {^}™ =1 be an orthogonal basis such that v\ = x/\x\. Then, for each 1 < m < n, 
p'{\x\)\x\S m i + p(\x\) is an eigenvalue with eigenvector since we compute 

^■ = p'(M)^ + p(M)<%, 

where 5u = 1 and 5ij = if i ^ j. This provides 

max sup |A^| = max sup \p'(\x\)\x\5 m i + p(\x\)\ = supmax{p(r), (s1)'(r)} = L. 

l<m<n ;,. 6]R n\{o} l<m<n xigSL n\{ y r >0 

□ 

Let us next consider the following conditions on /. 
(a) / is positive on (0, Rf) and lim r ^ f{r) > 0. 
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(b) There exist a continuous, positive function ip on (R, Rf) for some R > such that 

rRf i 

(bl) \f(r)^(r)r n ' 1 < J f(s)s n ~ 1 ds < ^/(r)V(r)r n ~ 1 for some A G (0, 1). 
(b2) lim{^(r) 2 ln (f(r)ip(r)r n ~ 1 )} > -oo. 

In the case of f(r) = exp(— r 2 /2), (jb]) holds for -?/>(r) = 1/r, especially, for any AG (0,1) 



A exp 



holds for r large enough. 



r n-2 < 



exp 



s 71-1 < - exp 
A 



n-2 



(4.1) 



Proposition 4.2 For the generalized Poincare limit {J n with p, assume lim^o f( r ) < oo. 
Then (C n ) equivalent to the combination of (Jaj) and (jbj) . 



Proof. Let a be the inverse function of s{, then 



Ml 



(2vr) n / : 



r cr'(r) = /(r)exp 



air) 



air) 



n-l 



(4.2) 



holds on (r/, Rf) by differentiating (12. 8p . We also have lim r ^ r/ a(r) = 0, linv^. a(r) = oo 
and the equivalence between mi r>0 (s1)'(r) < oo and inf rg ( r . R ) cr'(r) > 0. 

Assume (jaj) and (jb]). Since we deduce r/ = from (jaj), lim r ^ s i( r ) = holds. Hence 
it is enough for (C n ) to show lim r | er'(r), lim^ cr'(r) > by Lemma l47TT iii) together 
with ((OD and (jaj). 

The conditions f)2.8p and lim r | /(r) < oo yield 



lim 







n— 1 




fa(r)l 




a'(r) < 








I r J 





f27T) n / 2 



Ml r\0 



lim < /(r) exp 



a(rf 



< - — -r- lim f (r) < oo, 

" Ml rio v ; 



which ensures the existences of c > and ro > such that cr'(r)cr(r) n 1 < cr n 1 on (0, ro). 
Integrating it with the condition cr(0) = implies a(r) n < cr n on (0,r ). We thus have 



(27rW 2 
< - — ^^hm/(r) = lim 

Ml riO riO 

It follows from (jbl]), (TOD and (J2~2D that 







n— 1 




{a(r)) 




a'(r) < 








[ r J 





< c (n - 1)/n hW(r). 



A exp 



air) 



4 



> 



(2tt)-/2 



(r) 



exp I — — 1 s n 1 ds 



f(s)s n - 1 ds > \f(r)ip(r)r 



n-l 



for r < Rf large enough, which implies 



< lim {^(r)V(r) 2 } < -4 lim U>(r) 2 hi(f(r)'iff(r)r n ~ 1 )} < oo. 
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Similarly, we deduce from (12. 8p with the converse inequalities of (jbljl and (14. ip that 



Ml 



lim cr'(r) = lim 



/(r)exp 



cr(r) 2 \ f r 



cx(r) 



n-l 



> lim 



A 2 



tR f ip(r)(r(r) 



> 0. 



We thus have lim r ^ cr'(r), lim r ^ a'{r) > 0. 

Conversely, suppose (C n ). Lemma 14. XNiii|) and Proposition 12.51 yield rj = 0, hence 
/(r) > on (0, Rf) holds by ( 14.21) . It moreover follows from the mean value theorem that 
lim r | cr'(r) < lim , r ^ <j(r)/r, which means 



< lima'(r) n < lim 



cxp 



a'(r) 



n-l 



lim/(r). 



We thus have 

Due to inf r . e ( 0j R / ) cr'(r) > 0, ip := l/(crcr') is a continuous, positive function on (0,i?/) 
and it holds for any A G (0, 1) that 



A/(r)r n "V(r) = A e - CT(r)2/ V(r) n - 2 < / e'^^s^ds 



(2tt 



,n/2 



Ml 



n -J r 



f(s)s n - L ds 



A A 



for r < Rf large enough, which means flbll) . This with Lemma 14.31 below concludes the 
proof of Proposition 14.21 □ 

Lemma 4.3 Given a generalized Poincare limit /z£ = u£, if p satisfies (C„) and a con- 
tinuous, positive function ip on (R,Rj) for some R > satisfies (IbTj) . then (Ib2|) /io/cte. 

Proof. For the inverse function a of s^, we deduce from (Iblj) . (14. ip and (12.81) that 



1 

exp (— cr(r) J < 



A 



(2vr)™/ 2 7^ 



exp 



% ftfs^ds < \f{r)4>{r)r n -\ 



hence ip{r) 2 a{r) 2 > —ip{r) 2 \n.(f{r)ip{r)r n x ) > 0. Since (C n ) leads to lim ^ a'{r) > 0, 
( 12. 8 p with the converse inequalities of ( TbTj) and (14. ip yields 



Ml 



< - " ,„ lim cx'(r) = lim 

r^Rf rt-R/ 



(2tt)™/ 2 



/(r)exp 



cr r 



(7i r) 



n-l 



< lim 



tR/ A 2 ^(r)a(r)' 



□ 



Combining the two inequalities, we have ( lb 2)) . 

We give a simple criterion / to satisfy (jb|), which concerns the logarithmic concavity (see 
Remark 14.51 below for the definition of logarithmic concavity). 

Lemma 4.4 For a radial probability measure fi^, suppose that f is C 2 , positive on (R, Rf) 
for some R > and lmv^ f(r) = 0. Moreover if the function $ := —In/ satisfies 
lim rti?/ $"(r) G (0, oo], lim rti?/ $'(r) = oo and lim rtfl/ $"(r)/$'(r) 2 < oo, then (jb]) /io/ds. 
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Proof. Let us prove that (jb]) holds for if) := 1/$'. For any c6l, define the function by 

* c (r) := /(r)^(r)r n_1 - c / f(s)s n - 1 ds. 

J r 

It turns out that lim^ \P c (r) = and 

*' c (r) = /(r)r- 1 (-1 - |M + + c 

This means that, for A G (0, 1) satisfying 

/ $"( r ) n - 1 A , — / $"(r) n-1 A 1 

A < lim 1 + — ^ V < lim 1 + — ^ ^ < r, 

$'(r) 2 r V~^V $ 'W 2 r / A' 

^i/aO") < < v I / A( r ) holds for r < Rf large enough, which is equivalent to (jbljl . Note 
that the existence of A is guaranteed by the assumptions. 
Since we compute directly 

M {*(r)» in (/<r W r)0 } = ta {"^ - ^ + (» " D^l} 

$(r) r 

> — lim - . r-r + (n — 1) lim 



rtfl/ $'(r) 2 ^ $'(r) 2 

and find lim ^ In r/$'(r) 2 G (— oo, oo] (note that Rf < 1 may happen), we only need to 
show lmv)^. $(r)/$'(r) 2 < oo for ( lb2j) . This follows from L'Hopital's rule, that is, 

.. $(r) $'(r) 1 

lim - . . n = lim t- . = hm - . . < oo. 

rtRf $'(r) 2 r[R f ($'(r) 2 )' r\R s 2$"(r) 

□ 

Remark 4.5 An absolutely continuous probability measure \i on M n with respect to the 
Lebesgue measure is said to be logarithmic concave if — \og{dfi/ dx) : M. n — > (—00,00] is 
convex. For such probability measures, Bobkov [2J derived the isoperimetric profile of 
Gaussian type. The conditions in Lemma T4.4I also concern the convexity of — log(dfx/dx), 
however, we only consider the behavior of / around Rf, not on whole K. 

Let us show that some probability measures characterized by yj-exponential functions 
satisfy the conditions in Theorems 11.11 11.21 See [4] and references therein for details of (p- 
exponential functions. In what follows, <p is always assumed to be a continuous, positive, 
non- decreasing function on (0, 00). 

The f -logarithmic function is defined for t G (0, 00) by ln^i) := L l/(p(s)ds, which 
is strictly increasing. Set 1^ := firn t ^ hv(i) and L v := lim^oo Ya v (t ) . The inverse function 
of ln^ is called the (p- exponential function and is naturally extended to K as 

f if r < l v , 

exp ¥ ,(r) := I ln^r) if r G L v ) , 
[00 if r > L v . 
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Define a kind of differentiable coefficients of <p by 

a I s 'fis + e) ~ 
9 V : = sup < —-^ ■ iim 

s>0 {f{s) eio e 

Remark 4.6 The case of ip(s) = s is the crucial case, where the (^-exponential function 
coincides with the usual exponential function and 9^ — 8^ — 1. Another significant case 
is that (p(s) = s q for q > and q ^ 1. In this case, 9 V = S v = q and the (^-exponential 
function is the power function given by 

exp,(r) := [1 + (1 - g)r]f ~\ 

where a := oo for a < 0. Since we have exp ? (r) — >■ exp(r) as q — > 1, we regard 
exp 1 (r) := exp(r) for the convenience. 

We recall the following lemma. 

Lemma 4.7 (jH Lemmas 2.10, 2.12, Propositions 2.13, 2.14]) Suppose 9 V < oo. 

(1) s dip /(p(s) [resp. s s,p /(p(s)) is non- decreasing (resp. non-increasing) in s G (0,oo). 

(2) We have exp ¥ ,(r) < exp 6 ,^((^(l)r) for any r G R. 

(3) 8^ > 1 =>• l 9 = — oo =>- 9^ > 1 (or equivalently 9 V < 1 =>- > — oo =>- 5^ < 1). 
For p > 0, let us consider the function of the form 4> p {r) : = exp (/P (— r p /p) and set 

:= sup{r | r G supp(0 p )} = (-pl v ) 1,p G (0, oo]. 



j ^ s>0 I ip(s) eiO e j 



Proposition 4.8 (1) P satisfies lim r ^ o 0p( r ) — 1 o,nd (Jlj); hence supp(0 p ) is connected. 
If moreover we assume either l v > — oo or 9^ < (n + p)/n for n6N, then 

(j) p {r)r n ~ 1 dr < oo 

holds. In this case, there exists a function p satisfying (C) such that pt p = v^- 
(2) Suppose that tp is C 1 around 0. 

(i) If 6^ < 1, then <p p satisfies (jb]), implying (C„). 

(ii) If 1 < 5^, 1 < 9tp < {n + p)/n and (9^ — S^)^^ — 1) < 1/p, then (C n ) does not hold. 

Proof. (1) Obviously the first claim holds and the above integral is finite if l v is finite. 
In the case of l v = — oo, Lemma H~TT 3) implies 9 V > 1 and we compute for 9 V = 1 that 

/ (j) p (r)r n ~ l dr < / exp I —<p(l) — r n ' l dr < oo 
Jo Jo \ P J 

and for V > 1 that 

/oo r p \ l/(l-6 v ) 

ll-<p(l)(l-0 v )— \ r n ~ l dr 

^ n /p / 1 

P \ -n I 71 1 n 



B -,- - - < oo. 
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(2) We first remark that <p p is C 2 on (R, R^) for some R > 0. 

(i) Let us show that $ := — ln^ p satisfies the conditions in Lemma T4.41 We mention that 
Lemma ETT1 with 9 V < 1 yields < \im s ^ s/(p(s) < lim^ s 1 ^ 8 ^ /V(l) = 0, R^ < oo and by 
definition 5^ < (p'(s)s/<p(s) < 9^ if is differentiable at s. We directly compute that 



$'(r) 
which implies 



p — 1 
r$'(r) 



+ 1 



<p'{<j> P {r))<j> p {r) 
<P(<f>p( r )) 



lim $'fr) = lim ^W" 1 



lim <3>"(r) > lim <3>'(r) 2 
- — $"(r, 

lim i- ; rr-; < lim 



OO, 

p — 1 
r$'(r) 



oo, 



p — 1 



+ (i - <y = i - s, 



rtR,/, ($'(r)) 2 rtR \HJ>'(r) 
as desired. 

(ii) Let a be the inverse function of and consider the function 



r r 



_n-l 



S S 



*(r) := : 

Note that Lemma I4T71 yields Z v = — oo, that is, R^ = oo, and 

i/(i-0»O 



rfoo 



rfoo 



lim^(r) < lim 2 <^ 1 - ip(l)(l - 9 V ) — 



P 



,n-l 



o. 



where we use the assumption pj [9^ — 1) > n. If \l/ is nonpositive around oo, then we have 



2Ml 



Ml 



(27r)"/ 2 v ' ~ (2tt)™/ 2 J a 

around oo, which provides 
(2tt)™/ 2 



e- s2 ' 2 s n - l ds 



(r) 



(t> p {s)s n -'ds > 2cj) p (r)r 



n-l 



lim a'(r) 

rfoo 



lim 



(r ) exp 



cr r 



<x(r) 



n-l 



1 

< lim — - — 

rtoo cr(r) 



0. 



Thus (C n ) does not hold by Lemma [4.11 

The rest is to prove the nonpositivity of \I/ around oo, which is equivalent to the 
nonnegativity of ^' around oo. By Lemma [4.71 there exists c > depending on only p 
and ip such that 



<^(%(rp< V (l)a-^(l)(l-L) 



V 



< cr 



holds around oo, which with the assumption (0 V — 8 tp )/(9 tp — 1) < 1/p implies 



tf'(r) = 20 p (r)r r 



n-l ( y(0p( r )) r p-l + 1 + 1 

p (r) r 2 



> 20 p (r)r"" 1 ( -crP^-^)/^-!)-! + IL-L + -)> 0. 



□ 
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Remark 4.9 Let p be the function such that [in = v p . In the case of 9 V = 8^ > 1, 
Proposition !4.8( 2-ii) implies that (C n ) does not holds for any p > 0. However in the 
case of 9^ = 5^ = 1, that is <f> p (r) = exp(— r p /p), (C n ) can or cannot hold depending on 
p. Indeed, for ip(r) := r l ~ p , ( TbTjl holds for any A G (0, 1) and p > 0, but (jb2l) holds 
only for p > 2 according to lim r i- 00 {^(r) 2 In (/(r)-?/'(r)r n_1 )} = —\im. r ^ 00 r 2 ~ p /p. Then by 
Lemma [4. 3[ (C n ) holds if and only if p > 2. 
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